ON P-GENERIC SPLITTING VARIETIES FOR MILNOR 

K-SYMBOLS MOD P 



DINH HUU NGUYEN 

Abstract: the goal of this paper is to prove that the p-generic sphtting varieties 
constructed from symmetric powers for two tuples (ai, 02, a„) and (61, 62, &n) 
are birationally isomorphic whenever the Milnor K-symbols {oi, 02, a^} and {bi, 62, 
are equal in K^{k)/p. 



1. Introduction 

The Bloch-Kato conjecture relates the Milnor K-theory mod p of a field k with 
the etale cohomology of k with coefficients in the twists of Hp. More precisely, it 
claims that for all prime p > 2 and all weight n > there exists an isomorphism 

K^'{k)/p^H-{k,fi;) 

The special case of p = 2, known as Milnor conjecture, was proven by V. Voevod- 
sky in [7] in 1993. In 2003 he continued to prove the general case in the preprint |H]. 
However his proof assumed the existence of a splitting variety with certain prop- 
erties for a given Milnor K-symbol {ai, 02, ctn}- This gap was later filled when 
M. Rost provided the construction for such splitting varieties in |31 3]. They are 
p-generic, meaning they are generic with respect to splitting fields having no finite 
extesion of degree relatively prime to p. Altternately, V. Voevodsky suggested a 
more geometric way to construct these varieties that uses symmetric powers. We 
detail this latter construction in section [2J 

Following these papers, there arose some questions about p-generic splitting vari- 
eties. My advisor Alexander S. Merkurjev asked whether the splitting varieties con- 
structed from symmetric powers for two tuples (ai, 02, a^) and (61, 62, &n) are 
birationally isomorphic whenever the Milnor K-symbols {oi, 02, a„} and {oi, 02, 
are equal in K^{k) jp. I would like to thank him for posing this question and helping 
to partially answer it in this paper. 

In section [3] we use Chain P-equivalence Theorem by R. Elman and T. Y. Lam 
together with properties of quadratic forms to settle the case when p = 2. Section 
m proves that when n = 2,3, symmetric power construction yields what are to be 
expected up to birational isomorphism. In section O we look to use Markus Rost's 
Chain Lemma and induction to solve the rest of our problem. 
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2. Symmetric Powers 



Throughout this paper, p is a prime and k is the base field of characteristic 
containing the p-th roots of unity. We fix an n-tuple (oi, a„), Oj G k such that 
the symbol {ai, a„} is nontrivial in the Milnor if-group K^^{k) /p. Associated to 
this symbol are the following notions. 

Definition 2.1. A field extension L/k is called a splitting field for {ai,...,a„} if 



Definition 2.2. A smooth variety X is called a splitting variety for {ai, if 
{ai, = in K^^ {k{X))/p. In addition, it is called a generic splitting variety 

for {ai,...,a„} if any splitting field L for {ai,...,a„} has a point in X, i.e. there 
exists a morphism Spec{L) — > X over /c. 

Generic splitting varieties are only known to exist for n < 3 when p is odd and 
for all n when p is even. However, if L'/L if a finite extension of degree prime to 
p and L' splits {ai,...,a„} then L also splits {ai,...,a„} (using transfer and norm 
maps). Therefore we can relax our last definition. 

Definition 2.3. A smooth variety X is called a p-generic splitting variety for 
{ai,...,a„} if X splits {ai,...,a„} and for L splitting {ai,...,a„} there exists an 
extension L'/L of degree prime to p and an L'- valued point Spec{L') — > X over k. 

We now describe a symmetric power construction that produces the aforemen- 
tioned p-generic splitting varieties. It was suggested by V. Voevodsky and explained 
by S. Joukhovitski in jB] 2]. 

Let X be a smooth and geometrically irreducible quasi-projective variety. The 
symmetric group Sp acts on the product X^ and induces the quotient variety S^i^X). 
This quotient is then geometrically irreducible and normal. Note that 5*^ acts freely 
on XP\A and U := {Y^\A) / Sp is an open set in S^{X), where A is the union of all 
diagonals in X^. 

For every normal and irreducible scheme Y the set of morphisms Hom{Y, S^{X)) 
can be identified with the set of all effective cycles Z G X x Y such that each 
component of Z is finite surjective over Y and that the degree of Z over Y is p. In 

id 

particular, the identity map S'p(X) S^{X) corresponds to the incidence cycle 

Z C X X S'^(X). In fact Z is a closed subscheme equal to the image of the closed 
embedding X x S'^~^(X) X x S'^(X) mapping {x,y) to {x,x + y). Compose this 
with projection onto the second factor and we get p : X x ^^"^(X) — )■ X x S'p(X) — )■ 
S'^(X). It is finite surjective of degree p. Thus we get a diagram 



{ai,...,a„} = Oini<-f(L)/p. 



S"-\X) X X 



p-\U) 



XP\A 



P 




SP{X) 



u 



V 



w 
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We see both leftmost arrows are Galois etale coverings, p\p-i(u) is a finite etale 
map of degree p, and U is smooth. Furthermore p*{OxxSp-^(x)) is a coherent Osp{x)- 
algebra and the sheaf A := p*{OxxSP-'^(x)\u) is a locally free C[/-algebra of rank p. 
This latter sheaf corresponds to a vector bundle V := SpeclS'A") of rank p over 
U. Here A'^ denotes the dual of A and S' denotes its symmetric algebra. There is 

a well defined norm map A Ojj. Locally is a homogeneous polynomial of 

degree p, that is, N e S'^iA"). 

The p-generic splitting variety X(ai, an) is then constructed by induction. For 
n = 2 one may choose X = X{ai,a2) in the preceding construction to be the 
Severi-Brauer variety SB{A) associated with the cyclic algebra A = (ai, 02, Cp)fc- 
Suppose we have constructed the smooth projective geometrically irreducible p- 
generic splitting variety X ( oi , . . . , a„_ 1 ) for { a 1 , . . . , 1 } of dimension ^ — 1 . Again 
let that be X and letW C V be the hypersurface defined by the equation N—a^ = 0. 
By [SI 2.1] is smooth over U (and hence smooth) and geometrically irreducible. 
By resolution of singularities we can embed W as an open subvariety of a new 
smooth, projective and geometrically irreducible variety X'. Together [6], 2.4] and 
[6l 2.4] show this X' is the p-generic splitting variety X(ai,...,a„) for {ai,...,a„} 
that we seek. 

Among other properties, [6], 1.7] shows this p-generic splitting variety for {ai, a„} G 

K^{L)/p is a geometrically irreducible smooth projective variety of dimension 
pn-i _ i_ 

Remark 2.4. The inductive construction could in fact start with n = 1. We 
describe explicitly what happens at this stage. Take X = X{ai) = Spec{L) where 



L = k{-^/ai). If k is the separable closure of k then X = X x 



Spec(k) 



Spec{k) has p 



points, call them 1, 2, ...,p — l,p. From there 
= {points on the diagonals} U { (ni, n2, . 
S^{X) = X^ / Sp = {classes of points on the diagonals} U {(1, 2 
X^\A = {{rii, n2, Up) \ I < Ui < p and rii 7^ rij for all i,j} 

(r\A)/sp = {(l,2,...,p)} 
The above square thus looks like this, 

X X SP-\X) ^ p-\U) = {(n,(2,3,...,p)), I < n < p} 



^ ^ ni < p and rii ^ rij for all i,j} 

:p}} 



p 



Plp-Hu) 



S^iX) 



[/ = {(l,2,...,p)} 



and over k it looks like this, 

X X SP-\X) ^ p-\U) ^ Spec{L) 



P 



SP{X) 



P\p-Hu) 



U = Spec{k) 
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We will use this in theorem 13.71 and theorem 14.11 

Remark 2.5. Since our problem only concerns with birational isomorphism, we 
can always replace our varieties with birationally isomorphic ones when it suits our 
purpose but does not change our result. Or we can consider what happens with 
the generic fiber. For example, in theorem 13.71 we consider the residue field of the 
generic fiber of the map p in our construction without mentioning V, W, and X'. 

3. When p = 2 

When p = 2 we turn the p-generic splitting variety X for {ai,...,a„} into the 
birationally isomorphic Pfister quadric associated to the Pfister form ((oi, a„)). 
Once in quadric territory, we show this quadric defined by the a^'s is birationally 
isomorphic to the quadric defined by the 6j's through a sequence of birationally 
isomorphic quadrics, using Chain P-equivalence Theorem for Pfister forms. 

For a quadratic form ip, let denote its symmetric matrix and Dk{f) denote 
its values in k. Also for an n-tuple (ai,...,an), let ipn denote the n-fold Pfister 
form ((ai, a„)) = YYi=i{^y Furthermore we associate to ipn the subform 

i^n = ((oi, ...,a„_i)) ± (a„) and denote the quadric defined by ipn as Z{ipn), known 
as Pfister quadric. Below are a few more definitions, a general reference for quadratic 
forms is [5]. 

Definition 3.1. Two quadratic forms (p and ip' are said to be equivalent, written 
cp = ip', if there exists C G GL{k) such that A^i = CA^C^. 

Definition 3.2. Two Pfister forms ip = {{ai, an)) and ip' = {{a'l, a'n)) are said 
to be simply P-equivalent if there exist two indices i,j such that {{ai, aj)) = {{a^, a'j)) 
and ak = a'^ for k ^ More generally, they are said to be chain P-equivalent, 
written ip ~ ip', if there exists a sequence of Pfister forms ipoy'Pi, ■■■,'Pn-i,'^m such 
that ip = ipo,ip' = ipm and ipi is simply P-equivalent to (pi+i, < i < m — 1. 

Clearly ip ^ ip' implies ip = ip'. The converse statement was proven by R. Elman 
and T. Y. Lam in [3], called Chain P-equivalence Theorem. We conveniently recall 
the statement here, for use in our proposition 13.101 

Theorem 3.3. ( Chain P-equivalence Theorem) Let ip and ip' he n-fold Pfister forms. 
Then ip = ip' if and only if ip ip' . 

Definition 3.4. Two quadratic forms ip and ip' are said to be birationally equivalent 
if their function fields k{ip) and k{ip') are isomorphic. This happens if and only if 
the quadrics they define are birationally isomorphic. 

We begin with a lemma about equivalent Pfister forms and the matrix that con- 
nects them. 

Lemma 3.5. If ipn-i and ipn = (1, —h)ipn-i are Pfister forms with 

matrices A^p^_-^ and A^p^ and c = ipn{xi, ...,X2^^), then ipn = {c)ipn via a matrix 

Cn G GL2^{k{xi)), that is CnA^^Cl^ = cA^^, which satisfies 2 properties, 
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(1) = ^ (hence (C*)-i = ^ as well) 

(2) first row and first column of Cn are (xi...X2") and A^^{xi...X2ny 

Proof. By induction on n. For n — 1 and c — x\ — ax^, = api via Ci = 



^ , satisfying (1) and (2). 

-OjX2 — X\ I 

Next, write A^^ = ^ ^"^q^' ^ then c = </7n(xi, X2n) = xA^^x^ = 

s — bt & Dk{(pn) where s — ipn-i{xi, ...,0:21-1) and t — 93n_i(a;2n-i+i, ...,X2i) are in 
Dk{(pn-i)- By induction, (fin-i — {s)(fin-i via a matrix C e GL2n-i(A;(xi, ...,X2n-i)), 
that is, CA(pn-iC* — sA^^_^, with 

(1) C-i = ^ (hence (C*)-i = ^) 

(2) first row and first column of C are {xi...X2ri-i) and 74<^^_j(xi, ...,rE2"-i)* 
Similarly, v^n-i — (^)v^n-i via C" G GL2n-i (F(x2»-i+i, X2n))with the same prop- 
erties. From this, we have 

i) (pn = {s)(Pn-l -L {-b){t)(pn-l = (s, -bt)(pn-l with 

C \ / W \ _ / sA^^_, 



C" M M C* ; V -^'^^v^n-i 



j) (s, -bt)(fin-i = (c, -c6si)(/?n-i with 



7 7 ^ / \f I btl\_f cA^^_, 



6^7 s7 y \^ -btA^^_^ J \ I si J \ -cbstA^^_^ 

k) Let L> = (CC)-^ = C'-^C-i = then {c, -cbst)ipn-i = {c,-cb)ipn-i 
{c)(pn with 

/ A ^ cA^„_, W / \ _ / cA^^_, A ^ 7 



o D J \ -c6stA^„_i J \ J \ -cbstDA^^_, J \ D' 



-cbstDA^^_,D' J \ -cbst^^ y V 

1) Putting (i),(j), (k) together, ^ ± {-b){t)ipn-i = {s,-bt)ipn-i 

(c, -c6st)</7„_i = (c, -cb)(pn-i = (c)</?n via where 

" V o y V 6i7 s7 y \^ C y V ftiL* sL* y V C" 



btc'-'c-'c sC'-'C-'C ) ~ \ bC 



7 \ / C C 

-7 i " I -6C" 



At last, let Cn = I ^ t ) C'„ = i , ^, c'cc ' then its inverse — 



t 

its first row and column are {xi...X2n) and A^^{xi...X2ny, and C„74^„C^ = 

O -I ) ^'nKr.'^n ( -7 ) " ""^^^ 
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The last equality can be verified directly, 

, , Ao„ , 

bC 



-hA 



C -bC" 



CA 



•fn-l 



C -bC" 



t 



-bC'A^^_, 
-bC A^^_-^ jC CC A^^_^ 



S^n — 1 ^71 — 1 

-bC'A^^_,C' + &C"CA^„_, 



b tA^^_^ — bsA^p^_^ 



cA 

7* 

cA 



Vn-i — &C*^(p„_iC*'* + \C A^p^_^C*C*C'' 

-bC'A^^_,C' + 



~<'t I z,/^ /I n't 



-bC'A^„_,C' + 6C"A^„„,C* 



-bCA^^_,C' + bCA^„_,C'-' 



-bcA^ 



-6cA, 



□ 



This next lemma is needed to show the residue field in theorem 13. 71 stays the same. 

/ aibi 0162 • • CLibn \ 
0261 02^2 



Lemma 3.6. The nxn matrix M 



polynomial 



a2&n 



anbn / 



has characteristic 



det(xl — M) = x^~^{x — aibi — 0262 — ■•• — Q-n&n) 
Proof. We consider what M does to the basis, 



(1,0, ...,0) f-^ 61 (ai, ...,a„) 
(0, 1, ...,0) H-^ 62(01, ■■■,an) 



(0,0, 1) f-> 6„(ai, ...,a„) 

Thus M sends the vector (oi, a„) to a(ai, a„) where a = aibi + a2b2 + ... + anbn- 
Letting vi = (ai, a„), we choose a basis {f 1, f„} such that ker[M) = (t>2, f„) 
and again look at what M does, 



vi ^ (a,0,...,0) 
V2 ^ (0,...,0) 
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Vn ^ (0, ...,0) 

/ a . \ 

In this new basis M has canonical form 







and det{xl — M) = charM{x) 



\ . / 



X — ax 



X 



n-l. 



X — aibi — 0262 



□ 



We are now ready to turn generic ]9-sphtting varieties into quadrics defined by 
subforms of Pfister forms. 

Theorem 3.7. Under symmetric power construction, the p-generic splitting variety 
X( ) for {ai,...,a„} G K^^{k)/2 is birationally isomorphic to the Pfister 

quadric Z^ipn) ^ defined by the subform ipn = ((cti, c^n-i)) -L (— ^n) of the 

Pfister form = ( (ai a„) ) . 

Proof. By induction on n. First we verify the case n = 2. We begin symmetric power 
construction with X{ai) = Spec{L) where L = k{y/a^). As described in remark |2T 
we get 

Spec{L) X Spec{L) ^ p-\U) = Spec{L) 



P 



S^{Spec{L)) 
Hence X(ai,a2) = Z{NL/k - 0-2) ~- 



U ^ Spec{k) 

Z{x\ — aixl — 02) the hypersurface defined 
0. Projectivization then gives 



by the equation Nl/^ — 02 = x'f — aix\ — 02 
X(ai, 02) = Z{x\ — aixl — a2x|) = Z{ip2) ^ ^1 as required. 
Next, by induction X(ai, ~ Z{ipn+i)- Write ip = ipn+i 



(fin -L (-Ctn+l) 



_i) _L Lf' where y?' is the pure subform of if. From 



(1) ±ip' ± i-an+i) 
construction we get 

X Xn+i) \ A ((X„+i X \ A)/s, Gr(2, Af +i) 

Let U = {u, v) = ((1, 0, X2, X2"), (0, 1, y2, ?/2")) be the generic plane in A^"^"*^ 
and moreover let {u,v} be a basis for U. Over this basis the restriction ipk{xi,yi) \u 
ip{u) b{u,v) 
b{u,v) tpiv) 

b 



has matrix form 



, where 



UxU 



k 



{u', v') ^ li^iu' + v') - ^Piu') - ^{v')) 

is the symmetric bilinear form associated to ipk(xi,yi) \u- 
The generic fiber is then the point (r, s) G f/ such that 

%jj{r, s) = 4'{u, u)r'^ + 26(m, v)rs + , v)s^ = 
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with residue field 

qf{k{x,, «)(^)' + 2Kw, + i^i^, ^)) = %)(v^) 

where 

^ = ip{u)^{v) — b{u,vY 
= (1 + V5'(a;2, ...,X2"))(-an+i + V^'(l/2, •••,1/2")) - h{u,vf 
= (V5(l,a;2, ..•,X2n))(-a„+i + (p'{y2, •••,1/2")) - 6(M,f)^ 

= (-a„+i)v9(l, X2, •••, X2n) + ip{l, X2, X2n)ip{0, 1/2, •••,1/2") - b{u, v)^ 

If we write (f = (1, C2, ..•, C2n) then by lemma |33| there exists a matrix 



/ 1 X2 

C2X2 



Cn 



X2 



y €21X2" ... .J 

such that X2, X2n)v2(0, 1/2, •••,1/2") = V5((0, 1/2, •••, l/2")Cn)^ So 
6' = (-a„+i)v?(l, a;2, •••, 0:2") + V5((0, 1/2, i/2")C„) - t;)^ 
= (-a„+i)v9(l, X2, X2") + V5((0, 1/2, i/2")A<^(l, X2, a;2")*, 2:2, •••, 2:2") 

- ((1/2, ..•,i/2")v4^'(a;2, ••.,a;2")*)^ 

= (-an+l)V5(l,a;2, •••,^2") + V5((l/2, ...,y2-^)A^\x2, ...,X2^Y,Z2, ...,^2") 

- ((1/2, ...,y2")A^'{x2, ...,X2")*)^ 

= (-a„+i)v3(l, a;2, •••, a;2") + V5'(^2, •••, 2:2") 

Above, we let (2:1, Z2, ^2") = (0, 1/2, •••, l/2")C'„, which means (^2, •••, 2^2") = (1/2, •••,1/2" 
where M is C„ without its first row and column. Since = {p{l,X2, ...,X2")I, it 
follows = <^{l,X2,...,Xn)I - {ciXiXj),2 < i,j < 2". By lemma ESI det{M^) = 
ip{l, X2, a;2")^""^, det{M) = (p{l, X2, 0:2")^" "\ and M e GL2"_i(F(x2, X2")). 
So the residue field stays the same 

Fix,,y,)i^^9) = F{x,,z,)i^^9) 

It has quadratic norm 

N{m + nV^) = w? - a„+i(y9(l, 0:2, ...,X2n)n^ + (p'{z2, ^2")?^^ 
= (p{m,nz2, ...,nz2") - an+i^in,nx2, ...,nx2") 
= (1, -a„+i)v9(m, nz2, nz2", n, nx2, ...,nx2") 

= V^n+l(^l, •••, ^2"+!) 

Therefore our projectivized X(ai, a„+2) = Z{N — a„+2^2"+i+i) birationally 
isomorphic to Z{ipn+i ± (— 0^+2)) = Z{ijjn+2) p2"+^ as wanted. □ 
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Next, we show that interchanging and aj or multiplying by any nonzero 
Nk(^)/kiu) in the symbol {ai, a„} does not change its p-generic splitting variety. 
For this, we need two more lemmas about Pfister neighbors, the first one we will 
use toward our problem and the second one we will use toward our example I3.14[ 

Lemma 3.8. If if = ((ai, a„)) is a anisotropic Pfister form then the two forms 
if ± {—bip) -L (— c) and if ± {—dp) -L (—6) are birationally equivalent. 

Proof. We connect the quadrics defined by these two forms by a sequence of bi- 
rational ones. Let {x,y,z) be the generic zero for the form (f ± {—bip) -L (— c), 
then 

(p{x) — bipiy) — cz^ = 

Since (p is Pfister and {p{y) G Dk{y){(p), it follows ip = ip{y)ip over k{y). That 
means there exists C e GL{k{y)) such that (p{x) = ip{y)ip{Cx). Let x' = Cx then 
k{x,y,z) = k{x',y,z) and 

ip{y)Lp{x') — b(p(y) — cz'^ = 0, hence 

<p{x') — b — c = 
Now let y' = then k{x, y, z) = k{x', y', z) and 

'^{x) — b — cz^ipiy') = 0, hence 

— c^iy ) = 

z"^ z^ 

At last let x" = Y'^' ~ 2 then [x",y\z') is a generic zero for ip> ± {~c(p) _L 
{—b),k{x,y,z) = k{x",y',z') and 

^{x") - cip{y') - bz'^ = 

Hence the two forms (p X {—bip) _L (— c) and (p _L {—ap) _L {—b) are birationally 
equivalent. □ 

Lemma 3.9. If ip = ((ai, a„)) is a anisotropic Pfister form then the two forms 
ip ± (—6) and ip ± {—bLp{xo)) with (pixo) 7^ are birationally equivalent. In partic- 
ular ip ± (-6) ^ (p ± {-bNk{^)/k{u)) for Nk{^)/k{u) ^ 0. 

Proof. We use the same approach as in lemma [3^ Let be a generic zero for 

the form ip ± {—bip{xo)) , then 

ip{x) — bLp{xo)y'^ = 0, hence 

ip{xo)(p{x) - bip{xofy^ = 
Again ip = ip{xo)ip over k, i.e. there exists C G GL{k) such that (p{Cx) = {p{xQ)ip{x). 
Let x' = Cx,y' = ip{xo)y then {x',y') is a generic zero for 9? ± k{x,y) = 

k{x', y'), and 

— 6?/'^ = 

Therefore the two forms (p _L (—6) and ip _L {—bip{xQ)) with (/'(xo) 7^ are bi- 
rationally equivalent. The last statement follows when we choose Xq such that 
ip{xo) = Nki^)/k{u). □ 
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Proposition 3.10. If two Pfister form ip and (p' are equivalent then their associated 
subforms ip and ip' are birationally equivalent. 

Proof. By Chain P-equivalence Theorem, ip ~ ip'. So there exists a sequence of 
Pfister forms po, 'Pi, 'P't, fm-i, fm such that (p = (po, (p' = tpm and ipt is simply 
P-equivalent to V5t+i,0 < t < m — 1. Write ipt = ((ai, Oj, Oj, a„)) and 
ipt+i = {{ai, ...,a[, ...,a'j, ...,an)) where {{ai,aj)) = {{a[,a'j)). If i = j then there is 
nothing to do. Else we consider all the cases, 
i) if j 7^ n then 

ijjt = ((ai, Oj, Oj, a„_i)) ± {-an) 
- {{ai, ■■■,an-i)) -L (-a„) 

= ^t+i 

j ) if i 7^ n — 1 and j = n then by lemma I3.8[ 

Ipt = ((ai, ai, an-i)) -L (-a^-) 
^ ((«!, ...,ai, ...,aj)) ± (-a„„i) 
= ((fli, -L (-ctn-i) 

~ ...,an-i)) -L (-a^-) 

= ^t+i 

iii) if i = n — 1 and j = n then again by lemma 13.8^ 





((ai,.. 


., 


-2,ai)) - 


1 (-a,) 




((ai,.. 


. , Oj, 


an-2)) - 


1 (-flj-) 




((ai,.. 


. , Clj, 


flj)) ^ 


(-an-2) 




((ai, .. 


1 


«;•)) ^ 


(-an-2) 




((ai,.. 


1 

■i^ii 


an-2)) - 


1 (-«;•) 




((ai,.. 


• 1 


-2, a-)) . 


1 (-«;•) 













In any case, V't ~ V'i+i for all i. Hence ip ^ ip\ □ 

Remark 3.11. Let be a Pfister form of dim > 2, c G A;*, and a nonzero subform 
of ip. Hamza Ahmad called [ip, c, (pi) a Pfister triple, ip _L (c) the base form, p> ± cp>i 
the form defined by the triple, p> -L cp> the associated Pfister form, and any form 
similar to such a _L c(pi a special Pfister neighbor. In this setting, the forms 
in lemma 13.81 and the forms in lemma 13.91 are pairwise special Pfister neighbors of 
the same dimensions and have the same associated Pfister forms p> ^ {{b,c)) and 
p> ^ {{b)), respectively. The lemmas then follow from his more general 1-6]. 

Remark 3.12. One sees that lemmas [3 . 8 1 and I3l9] hold for any strongly multiplicative 
form p> as defined in [5] . The work lies with anisotropic Pfister forms. The remaining 
strongly multiplicative forms are isotropic, hence their function fields are rational 
and both lemmas become trivial. 
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Theorem 3.13. The p-generic splitting varieties constructed for {ai,...,a„} and 
{bi,...,bn} are birationally isomorphic z/ {ai, a„} = in K^^{k)/2. 

Proof. By [21 6.20], the two Pfister forms ip = ((ai, a„)) and ip' = 6„)) are 

equivalent. Proposition 13.101 now imphes their associated subforms and ip' are bi- 
rationally equivalent. By theorem 13. 71 X{ Oil ; . . . ; CL,fi ) and X{bi, bn) are birationally 
isomorphic. □ 

Example 3.14. For any nonzero Nk(^)/k{u), we know {ai, Cj, a^, On} = 
{ai, ...,ai, ...,ajNk(^)/k{u), ...,an} G K^{k)/2. By theorem [3131 they share the 
same p-generic splitting variety. Or we can use theorem 13. 71 and lemma |3^ bypassing 
Chain P-equivalence Theorem to see this as well. 



4. When n = 2, 3 

We show that when n = 2, 3, the p-generic splitting varieties produced by sym- 
metric power construction are what we would expect up to birational isomorphism. 
When n = 2, the obvious guess is Severi-Brauer varieties associated to cyclic alge- 
bras. 

Theorem 4.1. The p-generic splitting variety X{a,b) = Z{N — b) constructed for 
{a,b} G K2'{k)/p is birationally isomorphic to the Severi-Brauer variety SB{A) 
associated to the cyclic algebra A = {a,b,(p)k- 

Proof. Again if we start symmetric power construction with X{a) = Spec{L) where 
L = k{^fa) then by remark Xia. b) = Z{NL/k — b). We consider what happens in 
the split case, i.e. over a field F that splits {a, b}. Choose L as F then Al — Mp{L) 
and SB{Al) = P^" • Furthermore, if G = Gal{L/k) = (a) the cyclic group of order 
p then over L the norm N{u) splits in to a product Yl^Zo for every u E L. Define 



Ul = {IC M,{L) I I 



ai 



a. 



. M I tti ^ for alH and M G Mp(L)} 



then Ul is an open set in SB{Al) and we have a diagram 

Z[N-b),f^U,^SBiA,) 



/G 



Z{N - b) 



f 



/G 



U 



open 



/G 



SB{A) 



If we abuse notation and write points in SB{Al) in projective coordinates then 
fi can be described as follows. 



Z{N-b)L 



fL 



Ut 



(x)) H-)- (x : xa{x) : ... : xa{x)...a'P ^i.^)) 
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We verify that /l is G-equivariant, 

/i((7 • {x, a{x), (tP~\x))) = fia{x), a'^{x), x) 



(a(,r) : a{x)a\x) : ... : a{x)a\x)...aP{x)) 
{(t{x) : a{x)a'^{x) : ... : b) 



while 



/I . 



a ■ fL(x,a(x),...,aP ^(x)) 



1 







1 



V 



X 

xa{x) 



\ 



y xa{x)...aP ^{x) J 



{xa{x) : xa{x)a'^{x) : ... : bx) 



= [cr[x) : a[x)a [x 
In function fields, we have an isomorphism /i, 



L{Ul) = L{Z{N - b)L) = L{x, a{x), a^-\x)) 

1^ !->■ xa{x)...a'^~^{x) where i = 0, — 1, ^ = 6 



with inverse 



L(a;,a(a;),...,<7^-i(x))^L(|) 



a\x) ^ 



We verify that fi respects G-action, 



,t 



Ma ■ f ) = hC-^) = h{C-^)er') = xa{x)...a\x){x)-' = a{x)...a\x) 



,t 



to 



tl 



to to 



while 



■ ti 



a ■ hir) = ^ ■ {xa{x)...a'-\x)) = a{x)...a\x) 
to 



Therefore Z{N — b)L is birationally isomorphic to Ul- So Z{N — b) is birationally 
isomorphic to U, hence to SB{A). □ 

This enables us to solve our problem in the case n — 2, 

Corollary 4.2. The p-generic splitting varieties constructed for {oi, 02} and {bi, 62} 
are birationally isomorphic i/ {01,02} = {bi,b2} in K^{k)/p. 

Proof. By the norm residue homomorphism, the classes of (oi, 02, Cp}k and (61, 62, Cp)k 
arc equal in the group Brp{k) of elements in the Brauer group Br{k) whose p*'' power 
is 1. Since they have the same dimension, (oi, Cp)fe ^iid (61, 621 Cp)fc ^-^e isomorphic 
as algebras. Hence SB{{ai, 02, Cp)k) — SB{{ai, 02, Cp)k)- It follows from the theorem 
that X(oi,02) « X(6i,62). □ 

When n = 3, the candidate is reduced norm varieties. 

Theorem 4.3. The splitting variety X{a, b, c) = Z{N — c) constructed for {a, b, c} G 
{k)/p is birationally isomorphic to Z{NrdA/k ~ c), where A — (o, b, Cp)k- 
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Proof. Again we consider the split case. Let L — k{-i^/o) and use SB{A) where 
A = {a,b,(p)k as the p-generic sphtting variety for {a, 6}. Then Al = Mp{L) and 

sb{Al) = pr^- 

Our symmetric power construction looks like the front square over k and the back 
square over L, 



SB(Ai,} X S'-\SB{Ai,)) 



SB{A) X SBP-\A) 



P 



SP{SB{A)) 



PL 



Sp{SB{Al)) 



p-\U) 



p-'m 




Now let Xl denote the variety of all etale subalgebras of degree p in EndiiLP)- 
If each subalgebra D e Xl is generated by a matrix A where A = (Ai,...,Ap) its 
diagonal form then we see Sp acts trivially on Xl by permuting the diagonal entries. 
So we have an S'p-equivariant map 



Ul^Xi 



{ui, ...,Up) ^ D 



with inverse ^ : D h- )■ Wp) where D is the etale subalgebra whose eigenspaces 

are the lines Ui, ...,Up. This map fits into the following commutative diagram, 



Ur 



Xr 



/G /G 

\ 

U -X 



14 DINH HUU NGUYEN 

and we get vector bundles over the last diagram, 




If («!,..., Mp) is a point in Ul then Wp)) consists of p points yi,...,yp 

where each yi is of the form (-Uj, [mi, -Uj, -Up]). From there, 7r^^((-ui, Wp)) = 
...,Mp),a;i, ...,a;p) | Xi e L{yi)}. Correspondingly, tt^J^P) = {{D,d) \de D). 
Both are algebras of rank p over L. We can describe the back face of the cube 
pointwise. 



/* 

...,Mp),a;i, ...,a;p) -^^ (D, 



. 
. 



{Ui, ...,Up) 



D 



Note that if p{t) = ait + ... + apt^ and D 3 d = p(A) with eigenvalues p(Aj) then 
fl\D,d) = {{ui,...Up),p{Xi),...,p{Xp)). 
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Therefore in Vl and Vx^ we have two birational subvarieties Z{N — c)l and 

Z(NrdA]^/L — c), since 

Z{N - c)l = {((mi, ■■■,Up),xi, ...,Xp) I xi...Xp = c} 

= {{D, d) \ D C Al etale of rank p and d e D with No/hid) = c} 
= {{D, d) \ D G Al etale of rank p and d E D with NrdA^i^^d) = c} 
= {d E Al \ (d) C Al etale of rank p and NrdA^/L{.d) = c} via {D, d) ^ d 
= {d E Al \ NrdAi^/L^d) = c] f\ {d E Al \ its minimal polynomial rridit) 
is of degree p} 

= {d E Al \ NrdAj^/iid) = c} H {d E Al \ Xi xj for all of its 

eigenvalues Xi,Xj} 
^{deALl NrdA^/L{d) = c} 
= Z{NrdA,/L - c) 

Note that the intersection above is nonemtpy, it contains for example the diagonal 
matrix ( (p-i)/2 ; Cp; Cp""*^)) and the second set is open. Therefore our p-generic 

splitting variety X(a, 6, c) = Z{N — c) is birationally isomorphic to Z{NrdA/k — c) 
over k. □ 

Kwowing that X{a,b,c) = Z{N — c) is birational to Z{NrdA/k ~ c), where A = 
{a,bXp)k is an advantage. However, it is unclear whether {a,b,c} = {a',b',c'} G 
K^{k)/p implies Z{NrdA/k — c) ~ Z{NrdA'/k — c'), where A = {a,b,(p)k and 
A' = (a', b', (p)k. This stops us short of being able to draw the same conclusion for 
n = 3 as for n = 2. 

5. When p ^2, all n 

When p is odd, we can no longer turn to Pfister forms and their nice properties. 
However Markus Rost proved a result called Chain Lemma for Milnor K-symbols 
mod p that is similar to Chain P-equivalence Theorem for Pfister forms that could 
allow us to keep the same approach as when p = 2. We restate it from [U 5] in its 
entirety here. 

Theorem 5.1. (Rost's Chain Lemma) Let {ai, . . . ,a„} G K^^{k)/p be a nontrivial 
symbol, where k is a p-special field. Then there exists a smooth projective cellular 
variety S/k and a collection of invertible sheaves J = Ji, J[, . . . , Jn-i, J'n-i equipped 
with nonzero p-forms 7 = 71, 7^ . . . 7„_i, 7^_]^ satisfying the following conditions. 

(1) dim 5* = p{p^~^ — 1) = p^ — p; 

(2) {ai, . . . , a„} = {ai, . . . , a„_2, 7„_i, 7;_J G K^^{k{S))/p, 

{ai, . . . , ai_i, 7i} = {ai, . . . , 0^.2, 7,-1, 7-_i} G Kf{k{S))/p for 2 < i < n. 
In particular, {oi, . . . , a„} = {7, 7^, . . . , 7;_i} G K^^{k{S))/p; 

(3) 7 ^ T{S,J)^^-P\ as is evident from (2); 

(4) for any s G V{'^i) U Vipf'^), the field k{s) splits {ai, . . . , a„}; 

(5) /(V^(7i)) + HVhi)) ^ for all i, as follows from (4); 
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(6) deg(ci( J)*^™ ^) is relatively prime to p. 



However, we only care about part (2), which turns one symbol into another symbol 
through a sequence of equal ones, each time changing just two adjacent spots. The 
problem is we, or at least I, do not know how to control {7,7^, • • • ,7^_i}. More 
precisely, given two equal symbols {ai, .... a„} = {bi, .... we do not know if 
there is a point s E S such that {7(5), 7^(5), .... 7'^_]^(s)} = {bi, . . . ,bn} in the 
context of (2). If this is true, we would have the following corollary. 

Corollary 5.2. Given two nontrivial symbols {oi, a„} = {61, 6„} e K^{k)/p, 
there exists — ai, 02, On-i; — such that 

(1) {ai, an} = si = ... = s„ = {61, bn} where Si = {bi, a-, a^+i, a„} 
for i = 1, ...,n 

(2) more strongly {61, a-, a^+i} = {61, 6j_i, k, a-_^ J 



For example, when n — 5 the changes would be {oi, 02, 03, 04, 05} = {61, 03, 03, 04, 05} = 
{61,62,03,04,05} = {61, 62, 63, 04) "5} = {61,62,63,^4,65} while {01,02} = {6i,a'2}, 
{61, 4, 03} = {61, 62, 4), and {61, 62, a'a, 04} = {61, 62, 63, a'4} along the way. 

If this corollary holds, we could try to couple it with induction to solve our problem 
in two steps. 

Step 1: write {ai,...,a„} = {si} = ... = {s„} = {6i,...,6„} G K.^^{k)/p where Si 
and Sj+i differ in the i*^ and {i + ly^ spots for all i = 1, ...,n — 1. Then we have 
X{si) fa -^(52) from the case n — 2. By induction we also have X{si) X(si^i) for 
all 2 < i < 71 — 2. What remains is to show X{sn-i) ~ X(sn), (therefore induction 
is nice to use, but not really needed). 

Step 2: show the function field stays the same throughout. One way is to show 
directly that X{ai, a„_2, On-i, On) — X{ai, a„-2, o'^-i, «„) o„_i, a„ turn into 
a[j_i, a'n- For this I have the following idea. Letting X — X{ai, an-2), we return 
to symmetric power construction. 



SP-\X)xX^p-\Uo) 



SP{X) 



ON P-GENERIC SPLITTING VARIETIES FOR MILNOR K-SYMBOLS MOD P 

Repeating the process for the two rightmost arrows gives 
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Now taking vector bundles and subvarieties given by (A^ — a„) would attach the 
following diagram to the lower right edge, 



U2 " V2 " V2,a., 



3,an-i " ''3,a„_i ^a„-i,an 
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Similarly, we have 



3.«n-i 3,a„_i «„-!.«„ 

Thus we have two intersections _, and Xi i inside the same V2. Bira- 

tionality between them now depends on how the pairs {an_i,an} and {On-i^^n} 
differ in the Chain Lemma, whether 

i) {an-i,a„} = {fl4_i,fl4} G K^{k)/p as symbols, or equivalently (a„_i, a„, Cp)fc = 

«_!,<, Cp)fe as algebras 

ii) {a^-i, a„} — {a„_i, a„} = X] iV() some sum of norms. 

iii) or some other way, that may involve 

Another way is to show interchanging two adjacent spots in a symbol does not 
change its p-generic splitting variety, i.e. X(ai, a„_2, a, h) ~ X(ai, a„_2, a) 
to move {a„_i,a„} and to the first two spots. Then we could consider 

the Severi-Brauer varieties 5'S((a„_i, a„, (p)fe) and SB{{a'^_-^,a'^,C,^k) at the start 
of symmetric power construction. If those starting blocks are the same then the end 
products would be the same. 



DINH HUU NGUYEN 



ON P-GENERIC SPLITTING VARIETIES FOR MILNOR K-SYMBOLS MOD P 



19 



References 

[1] H. Ahmad and J. Ohm, Function Fields of Pfister Neighbors,, J. Alg. 178, (1995), 653-664. 
[2] R. Elman and N. Karpenko and A. Merkurjev, Algebraic and Geometric Theory of Quadratic 

Forms, Colloquimxi Publications voL 56, Providence, R.I., American Mathematical Society 

(2008). 

[3] R. Elman and T. Y. Lam, Pfister Forms and the K-theory of Fields, J. Alg. 23, (1972), 181-213. 
[4] C. Haesemeyer and C. Weibel, Norm Varieties and the Chain Lemma (after Marcus Rost), 
[iittp: / /www.math.ucla.edu/^chhll (2008). 



[5] T. Y. Lam, Introduction to Quadratic Forms over Fields, Graduate Studies in Mathematics 

vol. 67, Providence, R.I., American Mathematical Society (2004). 
[6] A. Sushn and S. Joukhovitski, Norm Varieties, J. Pure Appl. Alg. 206, (2006), 245-276. 
[7] Vladimir Voevodsky, On 2-torsion in Motivic Cohomology, 

http:/ /www. math. uiuc. edu/K-theory/502' (2001). 



[8] Vladimir Voevodsky, On Motivic Cohomology with I,/ 11,- coefficients, http://www.math 
uiuc.edu/K-theory/0639, (2003). 

Department of Mathematics, University of California, Los Angeles, CA 90095- 
1555, USA 

E-mail address: dhn at math.ucla.edu 



